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Abstract
A simple rearrangement of the torque free motion Hamiltonian shapes it
as a perturbation problem for bodies rotating close to the principal axis of
maximum inertia, independently of their triaxiality. The complete reduction
of the main part of this Hamiltonian via the Hamilton-Jacobi equation pro-
vides the action-angle variables that ease the construction of a perturbation
solution by Lie transforms. The lowest orders of the transformation equa-
tions of the perturbation solution are checked to agree with Kinoshita’s cor-
responding expansions for the exact solution of the free rigid body problem.
For approximately axisymmetric bodies rotating close to the principal axis
of maximum inertia, the common case of major solar system bodies, the
new approach is advantageous over classical expansions based on a small
triaxiality parameter.
1 Introduction
The rotational dynamics of solar system bodies is fundamentally driven by its
torque free motion, although the tiny influence of external torques like the gravity-
gradient or the YORP effect may induce long-period or secular effects. Never-
theless, the fact that these torques are generally small makes the computation of
approximate analytical solutions possible using perturbation methods (see, for in-
stance, [1, 2, 3]).
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The torque free motion admits analytical, closed form solution, which is com-
monly taken as the zero order in the computation of approximate solutions of per-
turbed problems. In a Hamiltonian framework, this solution is obtained by finding
the transformation from Andoyer to action-angle variables [4, 5], mainly because
action-angle variables make achievable the essential checking of KAM conditions
in the completely reduced Hamiltonian [6], and prevent the appearance of mixed
secular-periodic terms in the solution of perturbed problems [5, 7]. Then, the dis-
turbing function is expressed as a trigonometric series in action-angle variables so
that the perturbed Hamiltonian can be simplified by the usual averaging of fast-
evolving angles [8].
The perturbation approach is quite feasible in the case of axisymmetric bodies,
an instance in which Andoyer variables are action-angle variables by themselves.
In that case, even the standard successive approximations method is suitable for
finding the direct integration of the equations of motion by simple quadratures
(see, for instance, [9] and references therein). In the triaxial case, however, be-
cause of the elliptic integrals and functions on which the solution of the unper-
turbed problem rests, expanding the disturbing function as a trigonometric series
may require a nontrivial preprocessing in which elliptic integrals and functions
are conveniently expressed in terms of Jacobi theta functions [4, 10]. Notwith-
standing, some exceptions are found where the solution of the perturbed problem
can be computed directly in elliptic functions, at least up to the first order, without
need of resorting to series expansions [11, 12, 7].
Alternatively, it is customary to expand the solution of the torque free motion
in terms of certain small quantity. Thus, either in the (physical) case of rigid bod-
ies with small triaxiality, or in the (dynamical) case of rotational motion close to
a principal axis of inertia, early truncations of the series expansion of the unper-
turbed solution may result very efficient [13, 14]. Specifically, the former applies
to the rotation of the Earth and other major bodies of the solar system, whose fig-
ure departs only slightly from the axisymmetrical case [5, 1, 15, 16], whereas the
latter may be the alternative for studying the rotation of some asteroids [17, 18].
It worths noting, however, that when the triaxiality of the rigid body is small,
the part of the torque free rotation Hamiltonian related to triaxiality can be taken
as a perturbation of the axisymmetric case, and, consequently, can be included
among the terms of the disturbing function (see [19, 20], for instance). When
applying this strategy to the integrable problem of torque free rotation, the trun-
cated expansions of Kinoshita’s analytical solution[5] are recovered term for term
[21]. This alternative approach, taking an integrable problem as a perturbation
of a simpler integrable problem, may be applied to further rearrange the torque
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free motion Hamiltonian like a perturbed spherical rotor. Such an ordering makes
a perturbation approach by Lie transforms very efficient in the case of almost
spherical, almost axisymmetrical rigid bodies [22].
The perturbation approach is not limited to the case of rigid bodies with small
triaxiality and may be applied also to bodies with any triaxiality, either large or
small, when the rotation happens close to the principal axis of maximum inertia,
that is: rotating in the so-called short-axis-mode, or SAM (see Appendix C of
[23] for a detailed classification of rotational modes). The demonstration of the
feasibility of such perturbation approach is the goal of the present research.
The first step in the procedure is to reorganize the torque free Hamiltonian in
such a way that the sine of the inclination angle between the body’s equatorial
plane and the plane perpendicular to the angular momentum vector is shown to
scale the Hamiltonian terms related to the non-sphericity of the rigid body. Next,
a trivial manipulation changes this general scaling into a perturbation scaling in
which the magnitude of the small parameter is proportional to the sine of half that
inclination angle. Remarkably, the main part of the new perturbation arrangement,
which is called here the main problem of SAM rotation, is formally the same as
the torque free rotation Hamiltonian except for the halving of the inclination angle.
But this subtle difference is enough to release the solution from its dependence on
elliptic functions and integrals.
It follows the standard Hamilton-Jacobi reduction [8] to find the action-angle
variables of the main problem of SAM rotation, which is selected as the unper-
turbed problem. Then, after formulating the perturbation part of the free rigid
body Hamiltonian in the new action-angle variables, the straightforward com-
putation of a perturbation solution to the torque free motion by Lie transforms
[24, 25] is carried out up to any desired order. Comparison of the lowest orders
of the perturbation series solution with Kinoshita’s expansions of the closed form
analytical solution of the free rigid body [13] shows complete agreement between
both independent solutions.
Finally, the known equivalence between short- and long-axis-mode (LAM)
when interchanging the moments of maximum and minimum inertia, trivially
shows that the perturbation solution is useful also in the case of LAM rotation
with minor modifications in the definition of the inertia parameters.
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2 Hamiltonian arrangement
Because of the preservation of the angular momentum vector M , the plane per-
pendicular to it (the so-called invariable plane) plays an important role in finding
the analytical solution of the torque free motion. Thus, classical solutions using
Euler angles take this plane as the inertial plane to which the attitude of the rigid
body is referred [26, 27]. Referring the body frame to a different inertial plane is
achieved by trivial rotations of fixed angles, say a new set of Euler angles.
This description of the attitude dynamics by means of two sets of Euler an-
gles makes it natural the introduction of the angles λ, between the x axis of
the inertial plane and the ascending node of the invariable plane on the inertial
plane, µ, between this node and the ascending node of the equatorial plane of the
body on the invariable plane, and ν, between the latter node and the x axis of the
body. Their conjugate momenta are the modulus of the angular momentum vector
M = ‖M‖, conjugate to µ, and the projections of M over the z axis of the iner-
tial and body frames, Λ and N , conjugate to λ and ν respectively. The canonical
set (λ, µ, ν,Λ,M,N) is what is customarily called Andoyer variables [28], and so
it is throughout this paper.
The convenience of Andoyer variables results evident when using Hamiltonian
formulation, because they disclose the integrable character of the torque free mo-
tion. Due to the absence of external forces the Hamiltonian of the torque free
motion coincides with the kinetic energy of rotation about the center of mass
T = 1
2
ω Iω, where ω is the angular velocity and I is the inertia tensor. Therefore,
taking into account that M = Iω and choosing the body frame as defined by the
principal axes of inertia, it is easily found that
H0 =
(
sin2 ν
A
+
cos2 ν
B
)
M2 −N2
2
+
N2
2C
, (1)
where A ≤ B ≤ C are the body’s principal moments of inertia.
Equation (1) shows that λ, Λ and M are integrals of the problem due to the
ignorable character of their respective conjugate variables. In consequence, the
Hamilton equations of Eq. (1) decouple the reduced system in (ν,N), of one de-
gree of freedom, from the time evolution of µ. The latter is solved by quadrature
after integrating the reduced system. Therefore, the reduced phase space (ν,N)
can be represented by simple contour plots of the Hamiltonian, providing an al-
ternative description to the Poinsot ellipsoid representation [29].
Concerned with the rotation of the major bodies of the solar system, for which
C/A ≈ C/B ≈ 1, Andoyer[28] introduced the dimensionless parameters α ≥ 0
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and 0 ≤ β ≤ 1 given by
α (1 + β) =
C
A
− 1, α (1− β) = C
B
− 1, (2)
and reordered Eq. (1) as a perturbation problem
H0 = M
2
2C
[
1 + α
(
1− N
2
M2
)
− αβ
(
1− N
2
M2
)
cos 2ν
]
. (3)
Both Andoyer’s parameters have a clear physical meaning as is apparent in
Eq. (2). Thus, β = 0 implies A = B, the oblate case, whereas β = 1 results from
C = B, the prolate one, both extremes corresponding to axisymmetry. Therefore,
β shows how much the body’s figure departs from the axisymmetrical case, and
hence is usual called the triaxiality coefficient. On the other side, α = 0 corre-
sponds to a spherical rotor A = B = C and, therefore, this coefficient indicates
how much the body departs from the spherical figure.1
Andoyer’s arrangement of the free rigid body Hamiltonian is quite convenient
when studying the rotation of the major bodies of the solar system under external
torques, a case in which both α and β are small quantities. Besides, this is the
natural ordering in a perturbed spherical rotor approach, in which both the non
sphericity and the triaxiality are taken as perturbations, and that proved very effi-
cient when approaching the perturbed rotation of almost spherical bodies by Lie
transforms [21, 22].
However, neither α nor β have to be small, in general, and hence the general
solution of the torque free motion must be taken as the zero order in the perturba-
tion approach, a fact that complicates the development of the disturbing function
because of the elliptic integrals and functions on which the solution of the free
rigid body rotation unavoidably depends. Nevertheless, using the general solution
to the torque free motion can be avoided in other specific cases, where perturba-
tion strategies can be set up.
That is the case of rotations close to the principal axis of maximum inertia, a
case in whichN ≈M . Then, the inclination angle J between the equatorial plane
of the rigid body and the invariable plane is small, and so it is (1 − N2/M2) =
sin2J in Eq. (3). However, because M is an integral of the torque free motion,
the sine of the inclination just scales the reduced problem, and the form in which
1Andoyer’s triaxiality coefficient β is noted e by Kinoshita [5] who, in addition, instead of α
uses the inertia parameter D = −C/α first proposed by Hitzl and Breakwell [12].
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Eq. (3) is written, namely,
H0 = M
2
2C
[
1 + α sin2 J (1− β cos 2ν)] , (4)
is not amenable for a perturbation approach. Nevertheless, based on the standard
relation
sin2 J = 2 sin2
J
2
(
2− 2 sin2 J
2
)
,
trivial manipulations allow to cast Eq. (3) in the form of a perturbation problem
H0 = A+ εP , (5)
where
A = M
2
2C
[
1 + 2α
(
1− N
M
)
(1− β cos 2ν)
]
, (6)
is the integrable part, ε is a formal small parameter, and
P = −M
2
2C
α
(
1− N
M
)2
(1− β cos 2ν) , (7)
is the perturbation. In fact, we should have written |N | in Eqs. (6) and (7) instead
of N . However, both cases are symmetric and hence we limit our discussion to
the case N > 0.
Since Eq. (5) is a perturbation problem independently of the value of β, this
perturbation Hamiltonian can be used to represent the torque free rotation of major
bodies of the solar system as well as asteroids rotating close to the minimum
energy state. Because of that, in what follows Eq. (6) is called the main problem
of SAM rotation, or main problem in short.
3 The main problem of SAM rotation
When Eq. (6) is rewritten as a function of the inclination angle J , it takes the form
A = M
2
2C
[
1 + α′ sin2(J/2) (1− β cos 2ν)] , α′ = 4α, (8)
which is formally equal to Eq. (4), except for each Hamiltonian deals with a dif-
ferent inclination angle: γ = J in the case of the torque free motion and γ = J/2
6
for the main problem of SAM rotation. However, the subtle difference introduced
by the halving of J in Eq. (8) makes that the main problem can be integrated using
trigonometric functions, as opposite to the elliptic functions and integrals required
in the solution of Eq. (4).
Besides, the phase space of both different problems shows a nice agreement
for small enough values of J , as illustrated in Fig. 1, where the flow in the reduced
(ν,N) space is obtained from simple contour plots of the non-constant part of
Hamiltonians (4) and (8) after scaling by α. Namely, H∗0 = (2CH0/M2 − 1)/α
and A∗ = (2CA/M2 − 1)/α, respectively. Specifically, Fig. 1 presents contours
H∗0 = A∗ = q for q = 0.002, 0.007, 0.015, 0.023, 0.035, 0.048, 0.08, 0.12, 0.18,
0.25, 0.32, and 0.38.
0.002
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0.0150.023
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0.048
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0.080.08
0.12
0.12
0.18 0.180.25
0.250.32
0.32
0.38 0.38
0 1 2 3 4 5 6
0.88
0.90
0.92
0.94
0.96
0.98
1.00
Ν
N

M
Figure 1: Reduced phase space of the free rigid body (full lines) and of the main
problem of the asteroid rotation (dashed lines) for a triaxiality coefficient β = 0.8
and 0.88 ≤ N/M ≤ 1.
With the aim of using the main problem of SAM rotation as the zero order of a
perturbation theory, the integration of the flow associated to Eq. (8) is achieved by
Hamiltonian reduction, using the Hamilton-Jacobi method, rather than approach-
ing the direct integration of the Hamilton equations of A.
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3.1 Hamilton-Jacobi reduction
The essence of the Hamilton-Jacobi method is to find a canonical transformation
such that the Hamiltonian flow in the new variables can be solved explicitly as a
function of time. In consequence, the original flow is integrated by the simple ex-
pedient of introducing this time explicit solution into the transformation equations
of the canonical transformation. One common approach is to find the transforma-
tion to action-angle variables because it makes cyclic all the coordinates in the
Hamiltonian, which is, therefore, trivially integrated [8].
In the case of concern, a transformation (`, g, L,G) → (µ, ν,M,N) is found
such that it converts Eq. (6) in a new Hamiltonian Φ ≡ Φ(−,−, L,G) that de-
pends only on the new momenta. Such canonical transformation is derived from
a generating function in mixed variables S ≡ S(µ, ν, L,G), depending on the old
coordinates and the new momenta. The transformation equations are
(`, g,M,N) =
∂S
∂(L,G, µ, ν)
. (9)
Because Eq. (6) does not depend on µ, the generating function is chosen of
the form
S = µG+W (ν, L,G).
Therefore, Eq. (9) is written in terms of the characteristic functionW as the mixed
transformation
M = G, N =
∂W
∂ν
, ` =
∂W
∂L
, g = µ+
∂W
∂G
. (10)
The Hamilton-Jacobi equation is then obtained by replacing in Eq. (6) the
transformation equations of M and N given in Eq. (10). Namely,
G2
2C
[
1 + 2α
(
1− 1
G
∂W
∂ν
)
(1− β cos 2ν)
]
= Φ(L,G). (11)
Because the new Hamiltonian Φ in Eq. (11) does not depend on ν, the selec-
tion of a particular form of Φ can be postponed (see [30] and references therein).
Anyway, it is found convenient to choose Φ of the form
Φ =
G2
2C
(
1 + 2α
Ψ
G
)
, (12)
where the function Ψ ≡ Ψ(L,G) still remains to be determined.
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Equation (11) is solved for W to give
W = Gν −Ψ
∫
1
1− β cos 2ν dν, (13)
where the quadrature is conveniently solved making the change of variable
sin ν =
√
1− β sinu√
(1− β) sin2 u+ (1 + β) cos2 u,
cos ν =
√
1 + β cosu√
(1− β) sin2 u+ (1 + β) cos2 u,
(14)
from which is derived the differential identity
dν =
√
1− β2
1 + β cos 2u
du. (15)
Note that Eq. (14) is the standard change of variable used to solve the free
rigid body rotation in closed form, c.f. Eq. (43) of [12]. Note also that Eq. (14)
can be rewritten as
tan ν =
√
1− β
1 + β
tanu,
whose analogy with the relation between the true and eccentric anomalies in the
Keplerian motion was emphasized in [5].
Then, after standard manipulation, Eq. (13) is solved to give
W = Gν − Ψ√
1− β2 u,
which is replaced in the transformation equations (10) to give rise to a family of
canonical transformations
M = G,
N = G− Ψ
1− β cos 2ν = G−Ψ
1 + β cos 2u
1− β2 ,
` = −∂Ψ
∂L
u√
1− β2 ,
g = µ+ ν − ∂Ψ
∂G
u√
1− β2 ,
9
from which specific transformations are derived for each particular selection of
Ψ. Arbitrary choices of Ψ provide, of course, different solutions for the integrable
Hamiltonian (6). However, if the solution is intended to be used in a perturbation
approach, the suitability of each selection of Ψ, and consequently of the new
Hamiltonian (12), should be carefully explored.
The usual requirement for the new variables to be action-angle variables, re-
sults in the natural choice
Ψ =
√
1− β2 L, (16)
and hence, the new, reduced Hamiltonian
Φ =
G2
2C
(
1 + 2α
√
1− β2 L
G
)
, (17)
which is quadratic in the momenta and whose Hessian determinant never vanishes.
Therefore, the transformation from Andoyer variables to action-angle vari-
ables is
sin ν = −
√
1− β sin `√
1 + β cos 2`
, cos ν =
√
1 + β cos `√
1 + β cos 2`
, (18)
µ = g − ν, (19)
M = G, (20)
N = G− L 1 + β cos 2`√
1− β2 , (21)
whereas the inverse transformation is
sin ` = −
√
1 + β sin ν√
1− β cos 2ν , cos ` =
√
1− β cos ν√
1− β cos 2ν , (22)
g = µ+ ν, (23)
G = M, (24)
L = (M −N) 1− β cos 2ν√
1− β2 . (25)
The final check
M dµ+N dν = L d`+G dg,
shows that, in addition, the canonical transformation from Andoyer variables to
the action-angle variables of the main problem of SAM rotation is a Mathieu trans-
formation.
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3.2 Disturbing function in new variables
It is easy to check from Eq. (18) that
cos 2ν =
β + cos 2`
1 + β cos 2`
, sin 2ν =
√
1− β2 sin 2`
1 + β cos 2`
.
Then, the disturbing function Eq. (7) is expressed in the new variables as
P = − L
2
2C
α (1 + β cos 2`). (26)
In consequence, the torque free Hamiltonian (3) is written in the new variables
as
K = G
2
2C
[
1 + 2α
√
1− β2 L
G
(
1− L
G
1 + β cos 2`
2
√
1− β2
)]
, (27)
which is a perturbation problem in those cases in which
δ =
L
G
1 + β cos 2`√
1− β2 = 2 sin
2(J/2) 1. (28)
For instance, J = 1, 2.5, 8 and 25 deg, results in δ ≈ 10−4, 10−3, 10−2 and 0.1,
respectively.
The condition in Eq. (28) is quite common for solar system bodies rotating
in the short-axis-mode, even in the case of highly triaxial asteroids. Thus, for
instance, using the accepted values in Table 3.2, Eq. (28) provides δ = O(10−13)
for Mars, δ = O(10−11) for the Earth, δ = O(10−10) for the Moon, or δ =
O(10−8) for Eros.
Body A/C B/C β J0 Ref.
Mars 0.9942917 0.9949813 0.0646316 0.1′′ [14, 31]
Earth 0.9967200 0.9967222 0.0003366 1′′ [32]
Moon 0.999368 0.999601 0.226105 6.2′′ [32, 33]
Eros 0.229427 0.963754 0.977853 55′′ [17]
Table 1: Inertia parameters and inclination angle for different solar system bodies.
Therefore, for typical solar system bodies in SAM rotation, a perturbation so-
lution in the new variables, with the small parameter  ∝ δ, would converge much
faster than classical perturbation solutions based on a small triaxiality coefficient,
with the small parameter  ∝ β.
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4 Perturbation solution
The formulation of the torque free Hamiltonian in the new variables, Eq. (27),
makes it amenable to being solved with standard perturbation methods by Lie
transforms [24, 25]. More precisely, Deprit’s algorithm is used here because it is
specifically designed for the automatic computation of higher orders by machine
[25].
Thus, a perturbation solution to Eq. (27) is obtained by finding a canonical
transformation of the Lie type
(`, g, L,G) −→ (`′, g′, L′, G′) (29)
from old to new, prime, variables, such that, up to certain truncation order, the
transformed Hamiltonian depends only on the new momenta. The procedure is
standard these days, and hence only the results are presented here. The interested
reader can find all the relevant details in the original references or in modern
textbooks on celestial mechanics.
In this way, it has been obtained the long-term, averaged Hamiltonian
T = G
′2
2C
[
1 + 2α
L′
G′
√
1− β2 − αL
′2
G′2
(
1 + β2
∑
i≥1
δ′i qi
)]
, (30)
where
δ′ =
L′
G′
1√
1− β2 , (31)
and the triaxiality polynomials qi are given in Table 4 up to i = 10.
i qi qi i
1 1
2
13
8
+ 10803
256
β2 + 630357
4096
β4 + 232505
2048
β6 + 27937
2048
β8 10
2 5
8
3
2
+ 1785
64
β2 + 70179
1024
β4 + 237339
8192
β6 + 36597
32768
β8 9
3 3
4
+ 9
32
β2 11
8
+ 9009
512
β2 + 55583
2048
β4 + 44825
8192
β6 8
4 7
8
+ 35
32
β2 5
4
+ 2675
256
β2 + 9305
1024
β4 + 4765
8192
β6 7
5 1 + 177
64
β2 + 45
128
β4 9
8
+ 2925
512
β2 + 2385
1024
β4 6
Table 2: Triaxiality polynomials of the secular Hamiltonian in Eq. (30)
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i gi,1 gi,2
1 1
4
2 1
2
3 3
4
+ 3
8
β2 1
64
4 1 + 55
32
β2 1
16
+ 1
64
β2
5 5
4
+ 1251
256
β2 + 765
1024
β4 5
32
+ 35
256
β2
6 3
2
+ 1413
128
β2 + 175
32
β4 5
16
+ 79
128
β2 + 1
16
β4
7 7
4
+ 5551
256
β2 + 47367
2048
β4 + 3471
2048
β6 35
64
+ 1025
512
β2 + 2693
4096
β4
8 2 + 1239
32
β2 + 151301
2048
β4 + 140383
8192
β6 7
8
+ 339
64
β2 + 239
64
β4 + 209
1024
β6
9 9
4
+ 8253
128
β2 + 3236383
16384
β4 + 3162705
32768
β6 + 1084959
262144
β8 21
16
+ 195
16
β2 + 62665
4096
β4 + 43329
16384
β6
i gi,3 gi,4 gi,5
5 1
768
− 1
3072
β2
6 1
128
β2
7 7
256
+ 29
2048
β2 − 1
2048
β4 1
8192
− 1
16384
β2
8 7
96
+ 19
192
β2 + 61
8192
β4 1
1024
− 1
4096
β2 − 1
16384
β4
9 21
128
+ 1731
4096
β2 + 7947
65536
β4 + 81
65536
β6 9
2048
+ 15
16384
β2 − 51
65536
β4 1
81920
− 3
327680
β2 + 1
1310720
β4
Table 3: Triaxiality polynomials of the transformation of g in Eq. (32)
The transformation equations of the averaging are G = G′ and
g = g′ − L
′
G′
∑
i≥1
δ′i
∑
m=1,k
(−β)mgi,m sin 2m`′ (32)
` = `′ +
∑
i≥1
δ′i
∑
m=1,i
(−β)m`i,m sin 2m`′ (33)
L = L′ + L′
∑
i≥1
δ′i
(
β2 Li,0 −
∑
m=1,k
(−β)mLi,m cos 2m`′
)
(34)
where k = (i + 1)/2 is an integer division, and the triaxiality polynomials gi,m,
`i,m and Li,m are given in Tables 4–4 up to i = 9.
It should be said that the Lie series solution has been computed up to an or-
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i `i,1 `i,2
1 1
4
2 3
4
1
16
3 1 + 15
32
β2 3
16
4 5
4
+ 129
64
β2 25
64
+ 1
8
β2
5 3
2
+ 705
128
β2 + 415
512
β4 11
16
+ 93
128
β2
6 7
4
+ 3101
256
β2 + 5919
1024
β4 35
32
+ 649
256
β2 + 1179
4096
β4
7 2 + 747
32
β2 + 24575
1024
β4 + 14021
8192
β6 13
8
+ 439
64
β2 + 10191
4096
β4
8 9
4
+ 10521
256
β2 + 154889
2048
β4 + 279831
16384
β6 147
64
+ 8109
512
β2 + 200025
16384
β4 + 1465
2048
β6
9 5
2
+ 4333
64
β2 + 1639795
8192
β4 + 3121345
32768
β6 + 262085
65536
β8 25
8
+ 131
4
β2 + 182765
4096
β4 + 269247
32768
β6
i `i,3 `i,4 `i,5
3 1
96
4 3
64
1
512
5 17
128
+ 1
32
β2 3
256
1
2560
6 77
256
+ 117
512
β2 43
1024
+ 1
128
β2 3
1024
7 19
32
+ 31
32
β2 + 359
4096
β4 119
1024
+ 141
2048
β2 13
1024
+ 1
512
β2
8 273
256
+ 6363
2048
β2 + 7281
8192
β4 2241
8192
+ 1407
4096
β2 + 423
16384
β4 85
2048
+ 165
8192
β2
9 343
192
+ 17095
2048
β2 + 82345
16384
β4 + 32245
131072
β6 589
1024
+ 10435
8192
β2 + 4923
16384
β4 929
8192
+ 947
8192
β2 + 487
65536
β4
i `i,6 `i,7 `i,8 `i,9
6 1
12288
7 3
4096
1
57344
8 61
16384
+ 1
2048
β2 3
16384
1
262144
9 115
8192
+ 189
32768
β2 35
32768
+ β
2
8192
3
65536
1
1179648
Table 4: Triaxiality polynomials of the transformation of ` in Eq. (33)
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i Li,0 Li,1
1 0 1
2
2 1
4
1
2
3 5
8
1
2
+ 3
8
β2
4 9
8
+ 27
64
β2 1
2
+ 21
16
β2
5 7
4
+ 35
16
β2 1
2
+ 387
128
β2 + 297
512
β4
6 5
2
+ 885
128
β2 + 225
256
β4 1
2
+ 735
128
β2 + 1835
512
β4
7 27
8
+ 8775
512
β2 + 7155
1024
β4 1
2
+ 1245
128
β2 + 13425
1024
β4 + 2307
2048
β6
8 35
8
+ 18725
512
β2 + 65135
2048
β4 + 33355
16384
β6 1
2
+ 1953
128
β2 + 295
8
β4 + 41149
4096
β6
9 11
2
+ 9009
128
β2 + 55583
512
β4 + 44825
2048
β6 1
2
+ 1449
64
β2 + 720999
8192
β4 + 828675
16384
β6 + 321543
131072
β8
i Li,2 Li,3 Li,4
3 1
16
4 3
16
+ 1
16
β2
5 3
8
+ 7
16
β2 1
128
− 1
512
β2
6 5
8
+ 53
32
β2 + 13
64
β4 5
128
+ 1
512
β2
7 15
16
+ 297
64
β2 + 473
256
β4 15
128
+ 81
1024
β2 − 3
2048
β4 1
1024
− 1
2048
β2
8 21
16
+ 693
64
β2 + 9497
1024
β4 + 599
1024
β6 35
128
+ 475
1024
β2 + 205
4096
β4 7
1024
− 3
2048
β2 − 1
2048
β4
9 7
4
+ 357
16
β2 + 69863
2048
β4 + 3487
512
β6 35
64
+ 3575
2048
β2 + 20229
32768
β4 + 45
4096
β6 7
256
+ 35
4096
β2 − 11
2048
β4
L9,5 =
1
8192
− 3
32768
β2 + 1
131072
β4
Table 5: Triaxiality polynomials of the transformation of N in Eq. (34)
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der much higher than that required in common astronomical problems. But the
polynomials provided in Tables 4–4 can be useful for those interested in check-
ing their own implementations of the method. Besides, results of this paper are
not limited to astronomical studies and also apply to the general problem of rigid
body rotation close to the axis of maximum inertia, where such orders may be
required. The computation of even higher orders, if needed, is easily achieved in
the framework provided by Deprit’s formulation of the Lie transforms algorithm
[25].
5 Comparison with Kinoshita’s expansions
As a way of easing development of the disturbing function in the action angle
variables of the torque free motion, Kinoshita provided different expansions that
apply for short- and long-axis modes [13]. These expansions are customarily used
in the study of the rotation of solar system bodies (see, for instance, [1, 2, 17, 16]).
For the present case of concern of rotations in the short-axis-mode, it is found
the relation
1− cos j = 1− N
M
=
1− β√
1− β2
L
G
= (1− β) δ, (35)
where j corresponds to the minimum value of J , which is one of the integration
constants of Kinoshita’s solution[13]. Then, replacing Eq. (34) into Eq. (35) and
working to the order of j2 results in
j2
2
= (1− β) δ′ =
√
1− β
1 + β
L′
G′
. (36)
Equation (36) allows to check that Kinoshita’s expansions for short-axis-mode
[13] are in agreement with the lower order terms of the Lie transforms theory of
this paper. Thus, for instance, the secular frequency of ` is obtained from the
corresponding Hamilton equation of the averaged Hamiltonian (30) as
n`′ =
∂T
∂L
.
Up to the second order, which means making i = 1 in Eq. (30), it is found
n`′ =
G′
C
α
(√
1− β2 − L
′
G′
− 3
4
β2√
1− β2
L′2
G′2
)
.
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Then, using Eq. (36),
n`′ =
G′
C
α
√
1− β2
[
1− 1
2(1− β) j
2 − 3β
2
16(1− β)2 j
4
]
which, up to the order of j2, is in agreement with the expression for nl˜ in Eq. (39)
of [13].
Proceeding analogously, the secular frequency of g is found to be
ng′ =
G′
C
[
1 +
α
2
(1 + β) j2 +
α
32
(1 + β)
β2
(1− β)2 j
6
]
.
Then, taking into account Eq. (19) and up to the order of j2,
ng′ + n`′ =
G′
C
+
G′
C
α
[
1−
(
1−
√
1− β2
)(
1− 1
2
√
1 + β
1− β j
2
)]
,
which is in agreement with the expansion for ng˜ in Eq. (40) of [13].
In what respects to the variables, the procedure for checking Kinoshita’s ex-
pansions is slightly more involved because the argument ` of the circular functions
in the initial transformation to action-angle variables, Eqs. (18)–(21), is given by
the Lie series in Eq. (33), and therefore must be expanded in power series of j.
Thus, for instance, from Eqs. (21), (33), (34), Tables 4 and 4, and Eq. (36)
N = G′ − L′
[
1 +
β
1− β
j2
4
cos 2`′ +O(j4)
]
× 1√
1− β2
{
1 + β cos
[
2`′ − β
1− β
j2
4
sin 2`′ +O(j4)
]}
,
which after expansion in powers of j results in
N = M
(
1− 1
2
j2 − β
1− β j
2 cos2 `′
)
+O(j4),
in agreement with Eq. (36) of [13].
6 Long-axis-mode
As it is well-known, SAM and LAM rotations are formulated analogously by
the simple procedure of interchanging the moments of maximum and minimum
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inertia, and properly labeling the body axes. Because of this interchange of A and
C, Eq. (2) provides new inertia parameters given by
α∗ (1 + β∗) =
A
C
− 1, α∗ (1− β∗) = A
B
− 1. (37)
A thorough discussion on inertia parameters for the free rigid body problem can
be found in [12], where it is pointed out the relation
β∗ =
1− β
1 + 3β
, (38)
which is later used by Kinoshita in his derivation of LAM analytical expansions
[13].
Thus, Eq. (4) is reformulated as
H0 = M
2
2A
[
1 + α∗ sin2 J∗ (1 + β∗ cos 2ν∗)
]
, (39)
where J∗ is the inclination angle between the plane Π perpendicular to the body’s
x axis and the invariable plane, and ν∗ is the angle between the ascending node of
Π in the invariable plane and the body’s y axis. Therefore, the SAM discussion
above applies also to LAM except for a change in the sign of the inertia parameter
β∗.
7 Conclusions
An alternative solution to the torque free motion of a rigid body has been con-
structed, which applies to the particular case of rotation close to the principal axis
of maximum inertia and is valid for bodies with any triaxiality. For this specific
case, the torque free motion Hamiltonian is rearranged as a perturbation problem,
the main part of which is formally the same as the full problem with the proviso
of using half the inclination angle between the equatorial plane of the rigid body
and the plane perpendicular to the angular momentum vector, instead of the full
angle. Therefore, in those cases in which this inclination angle is small, the main
part of the short-axis-mode rotation may provide by itself an accurate description
of the torque free motion by means of a solution that only involves trigonomet-
ric functions. Besides, after reformulating the main part of the Hamiltonian in
action-angle variables, the new solution fits naturally in a general perturbation
scheme, thus paving the way in the computation of perturbation solutions to rigid
body rotation under external torques. Results in this direction are in progress and,
hopefully, will be published elsewhere.
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